Unstable four-boson states having an approximate dimer-atom-atom structure are studied using momentum-space integral equations for the four-particle transition operators. For a given Efimov trimer the universal properties of the lowest associated tetramer are determined. The impact of this tetramer on the atom-trimer and dimer-dimer collisions is analyzed. The reliability of the three-body dimer-atom-atom model is studied.
I. INTRODUCTION
It took more than 30 years till Efimov's prediction for the existence of weakly bound three-particle states with asymptotic discrete scaling symmetry [1] was confirmed in the cold-atom physics experiments [2] . This discovery raised the interest in few-body systems with resonant short-range interactions, both experimentally and theoretically. After the three-body system where semi-analytical results have been obtained as summarized in Ref. [3] , the next step in the complexity to explore the Efimov physics is the system of four identical bosons where several numerical studies [4] [5] [6] [7] [8] [9] [10] are already available. Although there is no four-boson Efimov effect [11, 12] , the properties of the four-boson system are strongly affected by the three-boson Efimov effect. The observables of the four-boson collisions show the same discrete scaling symmetry and are related to the respective trimer binding energies in a universal way provided the size of the involved few-body bound states greatly exceeds the interaction range [6, 9] . Furthermore, below each Efimov trimer in a certain regime there are two tetramers [5, 6] . The tetramers associated with the excited trimers are unstable bound states (UBS) [10, 13, 14] and lead to resonant effects in the four-boson reactions. First numerical calculations of the four-boson recombination [6] and dimer-dimer collisions [15] in the adiabatic hyperspherical representation were followed by the work of Refs. [9, 16, 17] employing the integral equations for the transition operators that were solved in the momentum-space framework. In the latter case the universal limits for the scattering observables and tetramer properties such as widths and intersections with thresholds were obtained with considerably higher accuracy; furthermore, remarkable resonant effects were predicted in the atom-trimer collisions as well [14] . The theoretical results [6, [15] [16] [17] are roughly consistent with the existing data from the dimer-dimer and four-atom recombination experiments [18] [19] [20] [21] performed in a regime that is not strictly universal.
In the present work we will study a different type of bosonic tetramers, namely, the ones of the approximate dimer-atom-atom structure. Their existence was predicted in Refs. [3, 15] as a consequence of the three-body Efimov effect in the three-body system made off a dimer and two atoms. This is illustrated in Fig. 1 where we schematically show the four-boson energy (E) spectrum as function of 1/a with a being the two-boson scattering length. We consider the regime around the special value a = a d n that corresponds to the nth Efimov trimer being at the atom-dimer threshold, i.e., b d = b n where b d (b n ) is the dimer (nth trimer) binding energy relative to the free particle threshold. If the trimer is a true bound state with zero width, i.e., if deeper dimers are absent (which is not the case in typical experiments [18] [19] [20] [21] ), the atom-dimer scattering length A d is infinite at a = a d n . Sufficiently close to E = −b n and a = a d n where A d greatly exceeds the dimer size being of the order of a, one may expect to mimic some properties of the few-boson systems using a model that considers the dimer as a pointlike particle. Then in the effective three-body system consisting of a dimer and two atoms there are two atom-dimer pairs with infinite two-body scattering length A d . In such a threebody model of the four-boson system the three-body Efimov effect occurs, however, with a very large discrete scaling factor e π/s0 ≈ 2.016 × 10 5 [3] . The resulting Efimov states accumulate at E = −b d . Their dimer-atomatom structure is only an approximation but no attempt has been made so far to describe them rigorously as fourboson states. This will be done in the present work using exact four-particle equations. We label the tetramers of this type by two integers (n, m) where n refers to the associated Efimov trimer and m = 0, 1, 2, . . . distinguishes between different states existing around a = a d n with fixed n. The (n, m)th tetramer intersects the nth atom-trimer threshold at a = a t n,m and the dimer-atomatom threshold at a = a d n,m . The calculation of these tetramers is technically very difficult task owing their weak binding and very large e π/s0 ; our results will be limited to m = 0 states. Furthermore, all these tetramers lie above the dimer-dimer threshold and above all lower atom-trimer thresholds n ′ with n ′ < n. Therefore the considered tetramers are UBS with finite width. We will extract their properties using rigorous four-particle scattering calculations. Performing in addition the threebody calculations we will establish the limitations of the dimer-atom-atom model.
In Sec. II we shortly recall the technical framework. In Sec. III we present results for tetramer properties and their effect on the atom-trimer and dimer-dimer scattering observables. We summarize in Sec. IV.
II. FOUR-BOSON SCATTERING EQUATIONS
To describe the collisions in the four-boson system we use exact Alt, Grassberger and Sandhas (AGS) equations [22] for the transition operators U βα in the symmetrized form
Here G 0 is the free resolvent, P 34 is the permutation operator of particles 3 and 4, t = v+vG 0 t is the two-particle transition matrix derived from the potential v, and U α are the symmetrized AGS operators [23] for 3 + 1 (α = 1) and 2 + 2 (α = 2) subsystems. We solve the AGS equations (1) in the momentum-space framework using the partial-wave decomposition. In the present study only the states with zero total angular momentum and positive parity (0 + ) corresponding to the quantum numbers of the tetramers need to be considered; among them the states with the nonconserved angular momentum of the three-boson subsystem J ≤ 3 have to be included for the convergence. The atom-atom interaction v is taken over from Ref. [9] ; it is given by a separable S-wave potential with one-or two-term gaussian form factors. Further technical details can be found in Refs. [17, 23, 24] .
The scattering amplitudes for all elastic and inelastic two-cluster reactions are obtained as the on-shell matrix elements of the AGS transition operators [23] ; the amplitudes for breakup and recombination [17] are given by the integrals involving U βα .
The unstable tetramers manifest themselves as poles of the operators U βα in the complex energy plane at
n,m being the energy of the (n, m)th tetramer relative to the four-boson breakup threshold and Γ d n,m being its width. The UBS pole in the complex energy plane is located in one of the unphysical sheets that is adjacent to the physical sheet [13] and affects the physical observables leading to resonant effects in the four-boson scattering. Thus, the properties of the unstable tetramers can be extracted from the behavior of U βα as described in Ref. [14] .
In the three-body dimer-atom-atom (3BDAA) model the corresponding reactions are described by solving the AGS three-body scattering equations [25] . These calculations need two pair potentials. The atom-atom potential v aa = v is the same as in full four-boson calculations. The atom-dimer potential v ad is taken in the momentum-space representation as k
Its strength λ d and momentum cutoff (inverse range) parameter Λ d for each a are adjusted to reproduce A d , (b n − b d ) and atom-dimer effective range predicted by the original three-boson calculations using v aa . As a consequence, v ad yields an accurate description of the low-energy atom-dimer scattering. We note that the range of v ad with 1/Λ d ≈ a greatly exceeds the range of v aa that is much smaller than a.
III. RESULTS
Unless stated otherwise, our results refer to rigorous four-boson calculations. We present them as dimensionless ratios that are independent of the short-range interaction details in the universal limit. For this one needs to consider reactions involving highly excited Efimov trimers where the finite-range effects become negligible. As shown in previous calculations [7, 9, 14, 16, 17] , n ≥ 3 is sufficient for high accuracy (note that our nomenclature starts with n = 0 for the ground state). This is fully consistent with our present results. For example, for the (n, 0)th tetramer intersection with the corresponding atom-trimer threshold we obtain a 
corresponding to A d /a t n,0 = 5.491(3). The calculation of the tetramer intersection with the dimer-atom-atom threshold, a d n,0 , turns out to be numerically more complicated and less accurate due to its proximity to a d n . We 
corresponding to A d /a d n,0 = −1.8(1) × 10 6 , and (2) and (3) indicate that the (n, 0)th tetramer as UBS exists at 0.6219 < a d n /a < 1.0000012. We show in Fig. 2 the a-evolution of the (n, 0)th tetramer properties, i.e., its relative distance to the nth atom-trimer threshold (b n − B n,0 the (n, 0)th tetramer becomes an inelastic virtual state (IVS) [13] . Negative width Γ d n,0 < 0 in the IVS case implies the change of the energy sheet. The IVS corresponds to the pole of the transition operators U βα in the complex energy plane on one of the nonphysical sheets that is, unlike the one of UBS, more distant from the physical sheet [13] . The IVS has a visible impact on the physical collision observables only when it is located very near to the scattering threshold [13] ; an example referring to the four-boson system can be found in Ref. [14] . In contrast, the UBS always leads to a resonant behavior. As example we show in Fig. 3 the S-wave phase shift δ S and inelasticity parameter η S for the dimer-dimer and atom-trimer scattering at the total four-boson energy E ≈ −B d n,0 and a d n /a = 0.8. It is interesting to note that only the dimer-dimer phase shift increases by 180 deg while the inelasticity parameter exhibits a rapid variation also for the collisions of atoms and trimers in the (n − 1)th Efimov state. Thus, in these two cases the inelastic reactions are significantly enhanced by the tetramer UBS whereas a pronounced resonant peak in the elastic cross section is present in the dimer-dimer channel only. The (n, 0)th tetramer has very little impact for the collisions of atoms and trimers in the (n − 2)th (and lower) Efimov state.
The (n, 0)th tetramer intersection with the nth atomtrimer threshold manifests itself most prominently in the atom collisions with the nth trimer at vanishing relative kinetic energy. The corresponding atom-trimer scattering length A n is shown in Fig. 4 as a function of the two-boson scattering length a. A n exhibits a resonant behavior with |Im A n | having a peak at a = a Fig. 2 and its discussion. We show in Fig. 4 the 3BDAA prediction only for Re A n at larger A d /a values. Only at A d /a > 50, i.e., a d n /a > 0.96, it agrees with the fourboson result within 7% or better. In the same regime the 3BDAA model underpredicts Im A n almost by a factor of 40 as compared to the four-boson result. As estimated in Eq. (4) using the 3BDAA model, the A n resonance due to the (n, 1)th tetramer is expected to take place much closer to a = a [14] , respectively. The A n evolution at a d n /a < 0.15 is presented in Ref. [14] .
The inelastic reaction rate for the atom scattering from the nth trimer in the ultracold limit is given [9] by β n = −(16π /3m)Im A n where m is the boson mass. β n has contributions corresponding to the dimer production β dd n and the trimer relaxation β n ′ n to more deeply
